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Start 
Point 

Sensor 

Target 

High-Speed Vehicle Target Tracking 

• Observation , Dynamic Equations 

• Position, Velocity, Acceleration of Target 

• EKF, UKF, Particle Filter 

• Traditional Problem 

Observation 

with Noise 
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…… 

Observation with Sensor 

Estimated Target 

Observation value  
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High-Speed Vehicle Target Prediction 

• Predict future State (𝑡 + 𝐿) at present point (𝑡) 
• Traditional Methodology (EKF,UKF, etc.) have a limitation 

• No observation between 𝑡 + 1~𝑡 + 𝐿 

• Cannot update estimated value efficiently 
• It is hard to predict accurately 

• Application of Data-Driven Approach 

• Estimate the 𝑋𝑡  accurately ⇒ Predict 𝑋𝑡+𝐿 based on Estimated 𝑋𝑡  

Start 
Point 

Object Sensor 

Target 

Start 
Point 

Sensor 

𝑋𝑡  𝑋𝑡+𝐿 

Shoot at 𝑿𝒕   Shoot at 𝑿𝒕+𝑳   

Current time : 𝒕 
Object takes time L 

Target 

Collision 

Object 
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Research Contents Estimation Prediction 
Prediction 

with 𝛽 

Interacting Multiple Model 
Filter for Tactical Ballistic 

Missile Tracking [1](2008,AES) 

• Propose IMM filter with three kalman filter 
(Boosting/reentry dynamics , Acceleration , 

Transition) 
• Tracking tactical ballistic missiles(TBM) 

IMM with KF 

Iterative Joint Integrated 
Probabilistic Data Association 

[2] (2013, Fusion) 

• Multi target tracking in clutter 
• Deal with a number of targets in mutual 

proximity 
• Propose an iterative implementation of JIPDA 
• Similar performance with JIPDA but can be used 

in real time system. 

Iterative JIPDA 

Artificial Neural Networks for 
Estimation and 

Fusion in Long-Haul Sensor 
Networks [3] (2015,Fusion) 

• Fuse long-haul sensor networks information 
• Artificial neural network (ANN)  
• Estimation of ballistic target state  

ANN 

Classification and launch-impact 
point prediction of ballistic target 

via multiple model maximum 
likelihood estimator (MM-MLE) 

[4](2006, IEEE Radar) 

• Predict Launch  and Impact point of Ballistic 
Target 

• Classification the trajectory based on radar 
measurement data 

Estimates 
burn-out time 

• Dynamic equations 
• Stored parameter  

Known 𝛽  
(Stored 𝛽  

in DB) 

The novel impact point prediction 
of a ballistic target with 

interacting multiple models 
[5](2013,ICCAS) 

• Impact Point Prediction of Ballistic Target 
• IMM with EKF 
• Predict the trajectory with 2nd order Runge-Kutta 

method (calculate the state evolution) 

IMM with 
EKF 

2nd order 
Runge-Kutta 

Fixed 𝛽 
(Constant)  

Data-Driven Ballistic Coefficient 
Learning for 

Future State Prediction of High-
Speed Vehicles (Our model) 

• Impact Point Prediction(PIP) of Target 
• IMM with UKF 
• Predict target state with predicted beta and 

dynamic equations 

IMM with 
UKF 

• Dynamics equations 
• Nonparametric 

nonlinear Regression 
(Gaussian Process) 

Unknown 𝛽  
(Predicted 𝛽)  

𝛽 : Ballistic Coefficient 
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High Speed Vehicle Observation 
• Sensor perspective 

• 𝒀 =

𝑥 − 𝑥𝑟 2 + 𝑦 − 𝑦𝑟 2 + 𝑧 − 𝑧𝑟 2

ta

n

−1 𝑦−𝑦𝑟

𝑥−𝑥𝑟

ta

n

−1(
𝑧−𝑧𝑟

𝑥−𝑥𝑟
2++ 𝑦−𝑦𝑟

2
)

+ 𝑒 

 

High Speed Vehicle Dynamic Model 
• ECEF coordinates 

• 𝒑 = 𝒗 

• 𝒑 = 𝑥, 𝑦, 𝑧 𝑇   (Position) 

• 𝒗 = 𝑎𝐺 + 𝑎𝐷 + 𝑎𝐶  

• 𝒗 = 𝑣𝑥 , 𝑣𝑦 , 𝑣𝑧
𝑇
 (Velocity) 

Ballistic coefficient 

• Ballistic coefficient 𝛽 is unknown parameter 

• Accurate estimation of 𝛽 is needed   

• 𝛽 is used to calculate aerodynamic drag acceleration 

• Estimates 𝛽  using IMM(Interacting Multiple Model) 
• Predict future 𝛽 with several regression models 

𝑌 =

𝑅𝑎𝑛𝑔 𝑒

𝐴𝑧𝑖𝑚

𝑢

𝑡 

 𝑎𝑛𝑔

𝑙

𝑒

𝐸𝑙𝑒𝑣𝑎

𝑡

𝑖 𝑜

𝑛

 𝑎𝑛𝑔

𝑙

𝑒

 
 

(𝑥𝑟 , 𝑦𝑟 , 𝑧𝑟)  : Sensor position 

𝑒 : Measurement noise 

𝑎𝐶 = 𝑎𝑐
(1)

+ 𝑎𝑐
2

 

: Gravitational acceleration 

: Aerodynamic drag acceleration 

: Coriolis acceleration  + 

Centrifugal acceleration 

𝑎𝐺 = −
𝜇𝑝

𝑝
3
 

𝑎𝐷 = −
𝜌

2𝜷
| 𝑣 |𝑣 

: Nasa standard atmosphere model 𝜌 
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Time t 

IMM Filter 
 UKF UKF UKF 

Obs. Yt 

Past N Ballistic Coeff. 

𝛽𝑡−𝑛+1~𝛽𝑡 

Ballistic Coeff. 
Prediction Model, 

𝒓(𝒕; 𝜽) 
(GP, SVR, LR…) 

Future L Ballistic Coeff., 𝛽 𝑡+1,… , 𝛽 𝑡+𝐿 

𝑋 𝑡+1 = 𝒇(𝑋𝑡,𝜷 𝒕+𝟏) 
For 𝑖 = 2: 𝐿 ⇒ 𝑋 𝑡+𝑖 = 𝒇(𝑋 𝑡+𝑖−1 ,𝜷 𝒕+𝒊) 

Time t+1 

Predicted 
Impact 
Point 

𝑋 𝑡+𝐿 

𝑋𝑡 

• Utilize Observation Data 

• IMM with UKF 
• 𝛽1~𝛽𝑡 , 𝑋1~𝑋𝑡 Estimation  

• Use estimated 𝛽 drawn by 

IMM (𝛽𝑡−𝑛+1 ,… ,𝛽𝑡) 
• Predict 𝛽 𝑡+1~𝛽 𝑡+𝐿 based on  

𝛽𝑡−𝑛+1~𝛽𝑡 
• Utilize several kinds of 

regression methods 
• None (constant) 

• Regularized Linear Regression 

• Support Vector Regression 

• Gaussian Process Regression 

• Predict 𝑿 𝒕+𝑳 based on 

𝛽 𝑡+1~𝛽 𝑡+𝐿 , 𝑋 𝑡+1 , … , 𝑋 𝑡+𝐿−1 

• Use dynamics Equation 

recursively 

Current Time : 𝑡 
Lookahead Time : 𝐿 (Predict 𝑋 𝑡+𝐿 at time 𝑡)  
𝑟(𝑡; 𝜃) : regression function 

• 𝜃 : hyperparameter of regression function 

𝑓 : Dynamic Equations 



8 

Time t 

IMM Filter 
 UKF UKF UKF 

Obs. Yt 

Past N Ballistic Coeff. 

𝛽𝑡−𝑛+1~𝛽𝑡 

Ballistic Coeff. 
Prediction Model, 

𝑟(𝑡; 𝜃) 
(GP, SVR, LR…) 

Future L Ballistic Coeff., 𝛽 𝑡+1,… , 𝛽 𝑡+𝐿 

𝑋 𝑡+1 = 𝑓(𝑋𝑡,𝛽 𝑡+1) 
For 𝑖 = 2: 𝐿 ⇒ 𝑋 𝑡+𝑖 = 𝑓(𝑋 𝑡+𝑖−1 ,𝛽 𝑡+𝑖) 

Time t+1 

Predicted 
Impact 
Point 

𝑋 𝑡+𝐿 

𝑋𝑡 

• Utilize Observation Data 

• IMM with UKF 
• 𝛽1~𝛽𝑡 , 𝑋1~𝑋𝑡 Estimation  

• Use estimated 𝛽 drawn by 

IMM (𝛽𝑡−𝑛+1 ,… ,𝛽𝑡) 
• Predict 𝛽 𝑡+1~𝛽 𝑡+𝐿 based on  

𝛽𝑡−𝑛+1~𝛽𝑡 
• Utilize several kinds of 

regression methods 
• None (constant) 

• Regularized Linear Regression 

• Support Vector Regression 

• Gaussian Process Regression 

• Predict 𝑋 𝑡+𝐿 based on 

𝛽 𝑡+1~𝛽 𝑡+𝐿 , 𝑋 𝑡+1 , … , 𝑋 𝑡+𝐿−1 

• Use dynamics Equation 

recursively 

Current Time : 𝑡 
Lookahead Time : 𝐿 (Predict 𝑋 𝑡+𝐿 at time 𝑡)  
𝑟(𝑡; 𝜃) : regression function 

• 𝜃 : hyperparameter of regression function 

𝑓 : Dynamic Equations 

IMM 
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Filter 

𝛽1 

Filter 

𝛽2 

Filter 

𝛽3 

Mode Prob. 

Update 

State Estimation Comb. 

Signal Mixing 

𝑥 (𝑘|𝑘) 

𝜇(𝑘) 
𝑥1 (𝑘|𝑘) 𝑥2 (𝑘|𝑘) 𝑥3 (𝑘|𝑘) 

𝜇𝑘−1|𝑘−1 

𝑥1 (𝑘 − 1|𝑘 − 1) 𝑥2 (𝑘 − 1|𝑘 − 1) 𝑥3 (𝑘 − 1|𝑘 − 1) 

𝑥1 
0
(𝑘 − 1|𝑘 − 1) 𝑥2 

0
(𝑘 − 1|𝑘 − 1) 𝑥3 

0
(𝑘 − 1|𝑘 − 1) 𝑍(𝑘) 

𝛽  

𝜆1(𝑘) 𝜆2(𝑘) 𝜆3(𝑘) 

IMM (Interacting Multiple Model) [6] 
Mode Probability 

Beta Estimation 

Mode = [M1,M2,M3] = 

[10000, 110000, 210000] 
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Time t 

IMM Filter 
 UKF UKF UKF 

Obs. Yt 

Past N Ballistic Coeff. 

𝛽𝑡−𝑛+1~𝛽𝑡 

Ballistic Coeff. 
Prediction Model, 

𝑟(𝑡; 𝜃) 
(GP, SVR, LR…) 

Future L Ballistic Coeff., 𝛽 𝑡+1,… , 𝛽 𝑡+𝐿 

𝑋 𝑡+1 = 𝑓(𝑋𝑡,𝛽 𝑡+1) 
For 𝑖 = 2: 𝐿 ⇒ 𝑋 𝑡+𝑖 = 𝑓(𝑋 𝑡+𝑖−1 ,𝛽 𝑡+𝑖) 

Time t+1 

Predicted 
Impact 
Point 

𝑋 𝑡+𝐿 

𝑋𝑡 

• Utilize Observation Data 

• IMM with UKF 
• 𝛽1~𝛽𝑡 , 𝑋1~𝑋𝑡 Estimation  

• Use estimated 𝛽 drawn by IMM 

(𝛽𝑡−𝑛+1 , … ,𝛽𝑡) 
• Predict 𝛽 𝑡+1~𝛽 𝑡+𝐿 based on  

𝛽𝑡−𝑛+1~𝛽𝑡 
• Utilize several kinds of 

regression methods 
• None (constant) 

• Regularized Linear Regression 

• Support Vector Regression 

• Gaussian Process Regression 

• With various kernels. 

• Predict 𝑋 𝑡+𝐿 based on 

𝛽 𝑡+1~𝛽 𝑡+𝐿 , 𝑋 𝑡+1 , … , 𝑋 𝑡+𝐿−1 

• Use dynamics Equation 

recursively 

Current Time : 𝑡 
Lookahead Time : 𝐿 (Predict 𝑋 𝑡+𝐿 at time 𝑡)  
𝑟(𝑡; 𝜃) : regression function 

• 𝜃 : hyperparameter of regression function 

𝑓 : Dynamic Equations 

Regression 
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None (Constant Prediction) 

• Use a current beta value as a predicted 

beta value 

• (Last estimated beta) 

• Assume that (𝛽1 , … , 𝛽𝑡) are estimated 

⇒ 𝛽𝑡+1 ,… ,𝛽𝑡+𝐿 = (𝛽𝑡, … , 𝛽𝑡) 

• Traditional Approach 

Constant Prediction 

(Current time beta) 

Nonlinearity of beta 

• True beta and Estimated beta have 

nonlinearity form (similar with quadratic) 

• None(Constant regression) is hard to fit 

beta well 

Bad Fit 

If we start to predict  

from here, 

If we start to predict  

from here, 

Bad Fit 

If we start to predict  

from here, 

Bad Fit 

None 

Regularized LR 
SVR 

GP 
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Regularized Linear Regression [7] 
• 𝐿2 Regularization 

• 𝐸 𝜃 =
1

2
 * 𝛽𝑡−𝑗 − 𝑦 𝑇𝑗 , 𝜃

2𝑗=𝑁
𝑗=0 +

𝝀

𝟐
𝜽

𝟐
 

• 𝜃𝑡
𝐿𝑅,∗ = 𝑇𝑇𝑇 + 𝜆𝐼 −1𝑇𝑇 ∙ 𝐵 
• T : Collection of Time Points 

• < 𝑡 −𝑁, … , 𝑡 > 

• 𝐵  : Collection of ballistic coefficient estimates 
• < 𝛽𝑡−𝑁 ,… , 𝛽𝑡 > 

𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝑇𝑖𝑚
𝑒

(s) 

• Ridge Regression 
• More Stable than least squares 

(normal linear regression) 
• Prevent Overfitting 

• Prevent sum of norms of the slopes 
get too high 

Fit the data  
linearly  

Overfitting 

At the symphony... 

• Want to listen to symphony only 

• Without noise 

• ex) neighbors shuffling 

• Overfitting 
• Hear more noise than we need 

 

At the target tracking… 

• Many observation noises 

• Want to identify signal and noise 
• Model as much signal as possible  

• Model as little noise as possible 

- William Chen, Data Scientist at Quora 

None 

Regularized LR 
SVR 

GP 
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Regularized Linear Regression [7] 
• 𝐿2 Regularization 

• 𝐸 𝜃 =
1

2
 * 𝛽𝑡−𝑗 − 𝑦 𝑇𝑗 , 𝜃

2𝑗=𝑁
𝑗=0 +

𝝀

𝟐
𝜽

𝟐
 

• 𝜃𝑡
𝐿𝑅,∗ = 𝑇𝑇𝑇 + 𝜆𝐼 −1𝑇𝑇 ∙ 𝐵 
• T : Collection of Time Points 

• < 𝑡 −𝑁, … , 𝑡 > 

• 𝐵  : Collection of ballistic coefficient estimates 
• < 𝛽𝑡−𝑁 ,… , 𝛽𝑡 > 

𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝑇𝑖𝑚
𝑒

(s) 

• Ridge Regression 
• More Stable than least squares 

(normal linear regression) 
• Prevent Overfitting 

• Prevent sum of norms of the slopes 
get too high 

Fit the data  
linearly  

Overfitting[8] 

Model Complexity 

E
rr

o
r 

Training error becomes small 
Test error becomes very large 

None 

Regularized LR 
SVR 

GP 
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𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/
𝑚
2
) 

𝑇𝑖𝑚
𝑒

(s) 

Support Vector Regression [9,10] 

+𝜖 

−𝜖 

x 

x 
x 

x 

x 

x 

x 

x 

mi

n

𝐶 𝑳𝝐 𝒚𝒊 , 𝒚𝒊 +
1

2
𝑤

2
𝑁

𝑖=1

 

𝑠. 𝑡. 𝑦𝑖 = 𝑓 𝑥𝑖 = 𝑤𝑇𝑥𝑖 + 𝑤0 

• Nonlinear Regression with kernel 
• Hard to optimize kernel hyper parameter 
• Cross validation also has a limitation to optimization 

• Parameters only depend on human’s choice 
• Ex) if 𝜆𝑐𝑎𝑛𝑑𝑖

𝑑

𝑎
𝑡

𝑒

= 0.1, 0.5 , 1, 2, 10 ,  
𝜆 𝑠𝑜𝑢

𝑙

𝑑

 𝑏𝑒 𝑜𝑛

𝑒

 𝑜𝑓 𝜆𝑐𝑎𝑛𝑑𝑖

𝑑

𝑎
𝑡

𝑒

 

Example of SVR 

Hard to fit  
accurately 

ma

x −
1

2
 𝛼𝑖 − 𝛼𝑖

∗ 𝛼𝑗 − 𝛼𝑗
∗ 𝒌(𝑻𝒊 , 𝑻𝒋)

𝑁

𝑖,𝑗=1

−𝜖 𝛼𝑖 + 𝛼𝑖
∗

𝑁

𝑖=1

+ 𝛽𝑖(𝛼𝑖 − 𝛼𝑖
∗)

𝑁

𝑖=1

 

𝑠𝑢𝑐


 𝑡𝑎
𝑡

   𝛼𝑖 − 𝛼𝑖
∗𝑁

𝑖=1 = 0 

𝑤𝑒

𝑟

𝑒

 𝛼𝑖 , 𝛼𝑖
∗ ∈ [0, 𝐶] 

Dual 

form 

Kernel 
(Non-linear) 

𝐿𝜖 𝑦𝑖 , 𝑦𝑖 =  
0

𝑦𝑖 , 𝑦𝑖 − 𝜖
 

If 𝑦𝑖,𝑦𝑖 < 𝜖  

Otherwise 

X : data point with 𝐿𝜖 𝑦𝑖 , 𝑦𝑖 = 0 

X : data point with 𝐿𝜖 𝑦𝑖 , 𝑦𝑖 > 0  

None 

Regularized LR 
SVR 

GP 



15 

GP (Gaussian Process) is a stochastic process such that any finite sub collection of 

random variables has a multivariate Gaussian Distribution [11] 

⇒ 𝒇~𝑮𝑷(𝒎(𝒙),𝒌(𝒙,𝒙′)) 

Joint of Gaussian distribution is also Gaussian ⇒ 𝑓
𝑓∗

~𝑵 𝜇
𝜇∗

,
𝐾 𝐾∗
𝐾∗
𝑇 𝐾∗∗

 

Conditional Gaussian distribution is also Gaussian ⇒ 𝑓∗|𝑋∗, 𝑋, 𝑓~𝑵 𝑓∗ 𝜇∗, Σ∗  
 

Stochastic Process is a collection of random variables 𝑓 𝑥 ∶ 𝑥 ∈ 𝑋  

𝒇𝟏 

𝒇𝟐 

𝒇𝟑 

𝒇𝒏 

𝒇𝟑
∗ 

𝒇𝟐
∗ 

𝒇𝟏
∗ 

𝒙𝟏 

𝒚𝟏 

𝒙𝟐 

𝒚𝟐 

𝒙𝟑 

𝒚𝟑 

𝒙𝒏 𝒚𝒏 

𝒙𝟏
∗ 

𝒙𝟐
∗ 

𝒚𝟐
∗  

𝒙𝟑
∗ 

𝒚𝟑
∗  

𝒚𝟐
∗  

: unknown 

: known 

𝜇∗ = 𝜇 𝑋∗ + 𝐾∗
𝑇𝐾−1 𝑓− 𝜇 𝑋  

Σ∗ = 𝐾∗∗ −𝐾∗
𝑇𝐾−1𝐾∗ 

𝑤𝑒

𝑟

𝑒

 𝐾 = 𝑘 𝑥,𝑥  ,𝐾∗ = 𝑘 𝑥, 𝑥∗ ,𝐾∗∗ = 𝑘(𝑥∗,𝑥∗) 

None 

Regularized LR 
SVR 

GP 
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Consider a point as Gaussian distribution [12] 

⇒ A point has its mean and sigma individually 

 

When a new point is observed 

⇒ Consider it as a normal distribution also 
⇒ Can predict its mean and sigma 

∵ 𝐶𝑜𝑛𝑑𝑖𝑡

𝑖

𝑜 𝑛

𝑎𝑙

 𝑜𝑓 𝐺𝑢𝑎𝑠𝑠 𝑖

𝑎𝑛

 𝑖𝑠 𝑎𝑙𝑠 𝑜 𝐺𝑎𝑢𝑠𝑠 𝑖

𝑎𝑛

 

𝒇∗|𝑿∗,𝑿, 𝒇~𝑵 𝒇∗ 𝝁∗, 𝜮∗  

GP Regression Demo [13] 
Points as  

Gaussian distribution 

None 

Regularized LR 
SVR 

GP 

New  
Observations 

Calculate  
mean and covariance 
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Gaussian Process Regression [14] 
• 𝛽𝑖 = 𝑓 𝑇𝑖 + 𝜖𝑖  , (𝑖 = 𝑡 − 𝑁,… , 𝑡) 

• Noise : 𝜖𝑖~𝑁(0,𝜍
2) 

• Prior : 𝑓 ∙ ~𝐺𝑃(0,𝐾 ∙,∙ ) 

• lo

g

𝑃 𝛽 𝑇, 𝜃 = −
1

2
lo

g

𝐾∗ −
1

2
𝛽𝑇 𝐾∗ −1𝛽−

𝑁+1

2
𝑙𝑜𝑔

2

𝜋

 

• 𝐾∗ = 𝐾 𝑇,𝑇 + 𝜍2𝐼 

•
𝝏𝒍𝒐

𝒈

𝑷 𝜷 𝑻,𝜽

𝝏𝜽
= −

𝟏

𝟐
𝒕𝒓𝒂

𝒄

𝒆

𝑲∗−𝟏 𝝏𝑲
∗

𝝏𝜽
+

𝟏

𝟐
𝜷𝑻𝑲∗−𝟏 𝝏𝑲

∗

𝝏𝜽
𝜷 

• 𝛽𝑡+𝐿 =𝐾 𝑇∗ , 𝑇 𝐾∗−1𝛽 
• 𝑇∗ ∶ 𝑡 + 1,… , 𝑡 + 𝐿 (Test Point) 

GPR is Nonparametric nonlinear regression 
Possible to optimize hyper parameter 
• 𝜃 is a parameter of 𝐾 (kernel) 
• Find 𝜃 which maximize likelihood 
Performs better than SVR usually 

GPR without optimization [13] GPR with optimization [13] 

Covariance (Uncertainty) 

comes to small  

Covariance (Uncertainty)  

is still large 

Example 

𝐾 𝑇𝑖, 𝑇𝑗 = 𝜍𝑝
2ex

p

 (−
𝑇𝑖 − 𝑇𝑗

2

2𝑙2
) 

⇒  𝜃 = 𝜍𝑝
2   , 𝑙 

None 

Regularized LR 
SVR 

GP 
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Gaussian Process Regression [14] 
• 𝛽𝑖 = 𝑓 𝑇𝑖 + 𝜖𝑖  , (𝑖 = 𝑡 − 𝑁,… , 𝑡) 

• Noise : 𝜖𝑖~𝑁(0,𝜍
2) 

• Prior : 𝑓 ∙ ~𝐺𝑃(0,𝐾 ∙,∙ ) 

• lo

g

𝑃 𝛽 𝑇, 𝜃 = −
1

2
lo

g

𝐾∗ −
1

2
𝛽𝑇 𝐾∗ −1𝛽−

𝑁+1

2
𝑙𝑜𝑔

2

𝜋

 

• 𝐾∗ = 𝐾 𝑇,𝑇 + 𝜍2𝐼 

•
𝝏𝒍𝒐

𝒈

𝑷 𝜷 𝑻,𝜽

𝝏𝜽
= −

𝟏

𝟐
𝒕𝒓𝒂

𝒄

𝒆

𝑲∗−𝟏 𝝏𝑲
∗

𝝏𝜽
+

𝟏

𝟐
𝜷𝑻𝑲∗−𝟏 𝝏𝑲

∗

𝝏𝜽
𝜷 

• 𝛽𝑡+𝐿 =𝐾 𝑇∗ , 𝑇 𝐾∗−1𝛽 
• 𝑇∗ ∶ 𝑡 + 1,… , 𝑡 + 𝐿 (Test Point) 

GPR is Nonparametric nonlinear regression 
Possible to optimize hyper parameter 
• 𝜃 is a parameter of 𝐾 (kernel) 
• Find 𝜃 which maximize likelihood 
Performs better than SVR usually 
• SVR : Hard to optimize hyper parameter 

𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝑇𝑖𝑚
𝑒

(s) 

Hard to fit  
accurately 

Hard to fit  
accurately 
𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝑇𝑖𝑚
𝑒

(s) 

𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

Easy to Fit 

Easy to Fit 

SVR GPR 

Example 

𝐾 𝑇𝑖, 𝑇𝑗 = 𝜍𝑝
2ex

p

 (−
𝑇𝑖 − 𝑇𝑗

2

2𝑙2
) 

⇒  𝜃 = 𝜍𝑝
2   , 𝑙 

None 

Regularized LR 
SVR 

GP 
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𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝑇𝑖𝑚
𝑒

(s) 

𝑮𝑷 𝒘𝒊𝒕
𝒉

 𝑺𝑬 𝒌𝒆𝒓𝒏
𝒆

𝒍

 

Gaussian Process Regression [14] 
• Nonparametric Nonlinear Regression 

• Kernel Calculation 

• 𝛽𝑖 = 𝑓 𝑇𝑖 + 𝜖𝑖  , (𝑖 = 𝑡 − 𝑁,… , 𝑡) 
• Noise : 𝜖𝑖~𝑁(0,𝜍

2) 
• Prior : 𝑓 ∙ ~𝐺𝑃(0,𝑲 ∙,∙ ) 

• lo

g

𝑃 𝛽 𝑇, 𝜃  

= −
1

2
lo

g

𝐾∗ −
1

2
𝛽𝑇 𝐾∗ −1𝛽−

𝑁 + 1

2
𝑙𝑜𝑔

2

𝜋

 

• 𝐾∗ = 𝐾 𝑇,𝑇 + 𝜍2𝐼 

•
𝜕lo

g

𝑃 𝛽 𝑇,𝜃

𝜕𝜃
 

= −
1

2
𝑡𝑟𝑎

𝑐

𝑒

𝐾∗−1
𝜕𝐾∗

𝜕𝜃
+
1

2
𝛽𝑇𝐾∗−1

𝜕𝐾∗

𝜕𝜃
𝛽 

• 𝛽𝑡+𝐿 =𝐾 𝑇∗ , 𝑇 𝐾∗−1𝛽 
• 𝑇∗ ∶ 𝑡 + 1,… , 𝑡 + 𝐿 (Test Point) 

Kernel [14] 
• Kind of similarity 

• Between data points 

• SE(Squared Exponential) Kernel 

• 𝑘𝑆𝐸 𝑇𝑖,𝑇𝑗 = 𝜍𝑝
2ex

p

 (−
𝑇𝑖−𝑇𝑗

2

2𝑙2
) 

• 𝜍𝑝
2 : determine average distance 

• 𝑙 : determine wiggle 

Well Fit 

Bad Fit 

None 

Regularized LR 
SVR 

GP 
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Gaussian Process Regression [14] 
• Nonparametric Nonlinear Regression 

• Kernel Calculation 

• 𝛽𝑖 = 𝑓 𝑇𝑖 + 𝜖𝑖  , (𝑖 = 𝑡 − 𝑁,… , 𝑡) 
• Noise : 𝜖𝑖~𝑁(0,𝜍

2) 
• Prior : 𝑓 ∙ ~𝐺𝑃(0,𝑲 ∙,∙ ) 

• lo

g

𝑃 𝛽 𝑇, 𝜃  

= −
1

2
lo

g

𝐾∗ −
1

2
𝛽𝑇 𝐾∗ −1𝛽−

𝑁 + 1

2
𝑙𝑜𝑔

2

𝜋

 

• 𝐾∗ = 𝐾 𝑇,𝑇 + 𝜍2𝐼 

•
𝜕lo

g

𝑃 𝛽 𝑇,𝜃

𝜕𝜃
 

= −
1

2
𝑡𝑟𝑎

𝑐

𝑒

𝐾∗−1
𝜕𝐾∗

𝜕𝜃
+
1

2
𝛽𝑇𝐾∗−1

𝜕𝐾∗

𝜕𝜃
𝛽 

• 𝛽𝑡+𝐿 =𝐾 𝑇∗ , 𝑇 𝐾∗−1𝛽 
• 𝑇∗ ∶ 𝑡 + 1,… , 𝑡 + 𝐿 (Test Point) 

Kernel [14] 
• Kind of similarity 

• Between data points 

• RQ(Rational Quadratic) Kernel 

• 𝑘𝑅𝑄 𝑇𝑖, 𝑇𝑗 = 𝜍𝑝
2 1+

𝑇𝑖−𝑇𝑗
2

2𝛼𝑙2

−𝛼

 

𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝑇𝑖𝑚
𝑒

(s) 

𝑮𝑷 𝒘𝒊𝒕
𝒉

 𝑹𝑸 𝒌𝒆𝒓𝒏
𝒆

𝒍

 

Well Fit 

Well Fit 

None 

Regularized LR 
SVR 

GP 
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Gaussian Process Regression [14] 
• Nonparametric Nonlinear Regression 

• Kernel Calculation 

• 𝛽𝑖 = 𝑓 𝑇𝑖 + 𝜖𝑖  , (𝑖 = 𝑡 − 𝑁,… , 𝑡) 
• Noise : 𝜖𝑖~𝑁(0,𝜍

2) 
• Prior : 𝑓 ∙ ~𝐺𝑃(0,𝑲 ∙,∙ ) 

• lo

g

𝑃 𝛽 𝑇, 𝜃  

= −
1

2
lo

g

𝐾∗ −
1

2
𝛽𝑇 𝐾∗ −1𝛽−

𝑁 + 1

2
𝑙𝑜𝑔

2

𝜋

 

• 𝐾∗ = 𝐾 𝑇,𝑇 + 𝜍2𝐼 

•
𝜕lo

g

𝑃 𝛽 𝑇,𝜃

𝜕𝜃
 

= −
1

2
𝑡𝑟𝑎

𝑐

𝑒

𝐾∗−1
𝜕𝐾∗

𝜕𝜃
+
1

2
𝛽𝑇𝐾∗−1

𝜕𝐾∗

𝜕𝜃
𝛽 

• 𝛽𝑡+𝐿 =𝐾 𝑇∗ , 𝑇 𝐾∗−1𝛽 
• 𝑇∗ ∶ 𝑡 + 1,… , 𝑡 + 𝐿 (Test Point) 

Kernel [14] 
• Kind of similarity 

• Between data points 

• SEnoise(Squared Exponential Noise 
Kernel) 

• 𝑘𝑆𝐸𝑁𝑜

𝑖

𝑠
𝑒

𝑇𝑖,𝑇𝑗 =

𝜍𝑝
2 ex

p

−
𝑇𝑖−𝑇𝑗

2

2𝑙2
+𝑤𝑛𝑜𝑖

𝑠

𝑒

𝛿𝑇𝑖 ,𝑇𝑗  

𝐵
𝑒𝑡

𝑎
(𝑘
𝑔
/𝑚

2
) 

𝑇𝑖𝑚
𝑒

(s) 

𝑮𝑷 𝒘𝒊𝒕
𝒉

 𝑺𝒆𝒏𝒐

𝒊

𝒔 𝒆

 𝒌𝒆𝒓𝒏
𝒆

𝒍

 

Well Fit 

Bad Fit 

None 

Regularized LR 
SVR 

GP 
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• Estimate Beta and Position using UKF-IMM 

• Beta Hypothesis = [10000 110000 210000] 
 

• Predict Beta 𝜷𝒕+𝟏~𝜷𝒕+𝑳 , using Regression 

• TrainingBeta = [5s , 10s, 15s] 
• The number of recent beta used to training 

regression model 
• If we predict 𝛽𝑡+1~𝛽𝑡+𝐿 based on 𝛽𝑡−𝑛+1~𝛽𝑡 , 
• ⇒ TrainingBeta = 𝑛 

• Lookahead = [0.1s , 1s, 3s, 5s] 
• Time interval between the start and end of prediction  

• If we predict 𝛽𝑡+1~𝛽𝑡+𝐿 based on 𝛽𝑡−𝑛+1~𝛽𝑡  
• ⇒ Lookahead = 𝐿 

• Experiment with 6 models 

• None (hold current 𝛽) 
• LR(Regularized Linear Regression) 

• SVR(Support Vector Regression) 
• Gpse(Gaussian Process with SE kernel) 
• GPrq(Gaussian Process with RQ kernel) 

• Gpsenoise(Gaussian Process with SE noise Kernel) 
• Calculate Beta Difference for each model 

• Predict Position 𝑿𝒕+𝟏~𝑿𝒕+𝑳 
• Predicted Beta 
• Dynamics Equations 

• Calculate Position Difference for each model 
• Repeat experiments 10 times individually 

High-Speed vehicle flight time: 0s~621S 

Sensor detection time :  590s~621s 

Start 
Point End 

Point 

𝑥 position(𝑚) 

𝑧
 p

o
s
it
io

n
 (
𝑚
) 

+ 
∗ 
𝑜 

Observation w ith noise 

Target State Estimation 

True State 

590s ~ 621s 
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GPsenoise GPrq GPse 

None LR SVR 

B
e
ta

(𝒌
𝒈
 /
𝒎
𝟐
) 

B
e
ta

(𝒌
𝒈
 /
𝒎
𝟐
) 

B
e
ta

(𝒌
𝒈
 /
𝒎
𝟐
) 

B
e

ta
(𝒌
𝒈
 /
𝒎
𝟐
) 

B
e

ta
(𝒌
𝒈
 /
𝒎
𝟐
) 

B
e

ta
(𝒌
𝒈
 /
𝒎
𝟐
) 

Bad Fit Bad Fit Bad Fit 

Well Fit 

617sec ~ 620sec 
GP shows good result in 617sec~620sec  

(right after inflection point) remarkably 
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TrainingBeta : The number of recent beta used to training regression model  

Lookahead : Time interval between the current and end of prediction 

• Regression model based on GP predict 𝛽(non-linear form) accurately 

• Gpsenoise performs well in all cases (every TrainingBeta , Lookahead settings) 

GPsenoise shows the 
best performance 

GPsenoise shows the 
best performance 
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MAE RMSE 

None 341.52 385.3968 

LR 343.4452 388.2391 

SVR 341.4957 385.0937 

GPse 341.0656 384.7834 

GPrq 341.0688 384.7886 

GPsenoise 341.0656 384.7834 

• MAE = Mean Absolute Error 

•
1

𝑛
 |𝑦𝑖 −
𝑛
𝑖=1 𝑦 𝑖| 

• RMSE = Root Mean Square Error 

•
1

𝑛
 𝑦𝑖 − 𝑦 𝑖 2𝑛
𝑖=1  

𝑦𝑖  : True value  /  𝑦 𝑖 : Predicted value 

• GP regression predict relatively accurate 

position 
• GPsenoise>GPse>GPrq>SVR>None>LR 

None 

GPsenoise 

None 

GPsenoise 

None 

GPsenoise 

617s~620s 

• GPsenoise shows the best 

performance in position difference 

• But the improvement is not large 

(MAE : 0.5m , RMSE : 0.6m)  

• It will be more useful 

• When the beta changes suddenly 

• For tracking a target which is 

strongly influenced by 𝛽 
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Experimental Setting 

1) Beta / Position Estimation : IMM with UKF 

2) Beta Prediction : Regression (Gaussian Process / Support Vector 

Regression / Regularized Linear Regression / None(Constant Prediction)) 

3) Position Prediction : Predicted Beta + Dynamics Equations 
 

Beta prediction 

• GP based regression model predict relatively exact 𝛽  

• Gpsenoise shows the best performance (SE kernel + Noise kernel) 

• 𝛽 : Unknown Paramter to calculate aerodynamic drag acceleration 

• 𝑎𝐷 = −
𝜌

2𝛽
| 𝑣 |𝑣 

 

Position prediction 

• GP based regression model predict relatively exact position 

• Gpsenoise shows the best performance (SE kernel + Noise kernel) 

• It is possible to predict position well by predicting 𝛽 accurately 
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